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ABSTRACT

The purpose of this paper is to study the notion of a quasi-ideal and bi-ideal of a near-
algebra. It also shown that the kernel of a near-algebra homomorphism is also quasi-ideal.
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INTRODUCTION

O. Steinfield [9] had introduced the notion of quasi-ideal in ring theory and that has proved
very useful. 1. Yakabe [11]had introduced the notion of quasi-ideals in near-rings. Lajos and
Szasz [4] had introduced the concept of quasi-ideals in associate near-rings. Good and
Hughes [2] had introduced the concept of bi-ideals for semi groups. T. Tamizhchelvam and
N. Ganesan [5] had introduced the concept of bi-ideals in near-ring. A near-algebra is a near
ring which admits a field as a right operator domain. H. Brown [1], T. Srinivas [8], Irish [3],
Narasimha Swamy [11] have studied certain properties of near-algebra. In 1933, P. Jordan
proposed a quantum mechanical formalism in which in the operators form only a near
algebra. In this regard, not only as an axiomatic purpose, the investigation of near-algebras
has been found interesting for physical reasons also. In this paper, we introduce the concept
of quasi-ideal and bi-ideal in a near-algebras and applied this notion of quasi-ideal to the
kernel of homomorphism of near-algebras.
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PRELIMINARIES

Definition: A right near-algebra ¥ over a field X is a linear space ¥ over X on which
multiplication is defined such that

i. Y forms a semi-group under multiplication.

ii.  Multiplication is right distributive over addition, that is (a+b)c =ac+bc for every

a,b,ceY and
iii. A(ab)=(4a)b forevery a,beYand 1eX.

Definition: A left near algebra¥ over a fieldX is a linear space ¥over Xon which
multiplication is defined such that
i. ¥ forms a semi-group under multiplication.

ii.  Multiplication is left distributive over addition that isa(b+c) =ab+ac for every
a,b,ceY.
iii. A(ab)=a(ib)forevery a,beYandie X.

Everywhere in this paper near-algebra Y means right near-algebra ¥.

Definition: A subset M of a near-algebra ¥ over a field X i s said to be a sub near-algebra of
Y, if it satisfies the following conditions.
i. M isa linear subspace of ¥.

ii. (M, ") isasemigroup.
Definition: Let | be a non-empty subset of near algebra ¥ over a field X. | is said to be an
ideal of near-algebra if

i.  lisalinear subspace of the linear space Y.
ii. laelforeveryaeY,iel and,

iii. b(a+i)—baelforevery a,beY,iel.
Definition: Let Y andY" be two near-algebras over a field X. A mapping f:Y —Y" is called
a near-algebra homomorphism if
I. f(x+y)=f(X)+ f(y).
ii. f(xy)=f(x)f(y)vx,yeYandie X .
iii. f (Ax) = Af (X).

Definition:LetY andY' be two near-algebras over afield X. Let f :Y — Y be a near - algebra
homomorphism. Then the kernel of f is denoted by kernel f and is
defined Kerf ={xeY / f (x) =0'},0'is the additive identity in Y".

Definition: Let ¥ be a near-algebra over a field x. Then the set Y, ={a €Y /a0 =0}is called
the zero-symmetric part of ¥, Y, ={a €Y /a0 = a}is called the constant part of Y.Y is called
zero-symmetric near-algebra if Y =Y,,Y is called constant near-algebra if Y =Y.

381 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/
http://www.ijesm.co.in/

International Journal of Engineering, Science and Mathematics
Vol. 7Issue 3, March 2018,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com Double-Blind
Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & Listed at: Ulrich's
Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

Definition: An element ac ¥ is called distributive element if a(b+c)=ab+ac,Vb,ceY .

Definition: Let ¥ be a near-algebra. Given two sub sets K and D of ¥. We define an
operation * on them as K*D ={a(a'+b)—aa'e D/a,a'e K,be D}.
QUASI-IDEAL OF A NEAR-ALGEBRA

In this section, we introduce the concept of quasi-ideals for near-algebra and study its
elementary properties.

Definition: A non-empty sub setk of a near algebra ¥is Quasi-ideal of ¥ if

I. K isalinear sub space of near-algebra ¥.

i. KYNYKNY*KcK
Example: Let X ={0,1} e, is a field. Let Y ={0,a,b,c}be a set with two binary operations
+ and - defined as

oo R | O+
Nl e | OO
mOoR R
Do m ||
ol || nm |m
N R o

=R =]}=]lolle]
oo R
L= N
oo

Scalar multiplication on ¥ is defined by 0.x =0,1.x = x for each x € X . Then ¥ is a near
algebra over the field X. Let K ={0,b}cY . Then itis clear that K is a linear sub space of Y
and KY ={0},YK ={0},Y *K = {0}. There fore KY NYKNY *K ={0}c K. Hence K isa
quasi-ideal of ¥.

Theoreml: Arbitrary intersection of quasi-ideals is a quasi-ideal.

Proof: Let {K.}
that (., K; is a linear sub space of Y. Further for every K, = N ,K,, we have

A=, KDY NY (O KDNY * (N, K) < KjY ﬂYKj ﬂY*Kj - Kj hence Ac;, K;.
Thus(,_, K, is a quasi-ideal of Y.

Theorem2: The intersection of a quasi-ideal K and a subnear algebra Afof a near algebra ¥ is
a quasi-ideal of M.

be a set of quasi-ideals of near algebra ¥ over afield X. Then itis clear

iel

Proof: Let ¥ be a near-algebra over a field X. Let K be a quasi-ideal of ¥, and M be a sub
near-algebra of ¥. Since K is a quasi-ideal of ¥, it is a linear sub space of ¥. Let
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a,beKMNMand 1 X, thena,be Kanda,be M . This implies that
a—b,ab,laeK,(la)b=A(ab)forall a,be K, 1 X also a—b,ab,laeM and
(Aa)b=A(ab) Va,be M , 21 X . Thus we get a—b,ab,lac KM, (1a)b = A(ab) for
everya,be KNM ,1e X . Hence KM is a sub near-algebra of M. More over
(KNMMNOAMKOAMNM*(KNAM) c(KNMMNM((KNM) € MM <M and
(KNMMNOAMKNOAM)NM*(KNM) c KY NYKNY*K < K. Hence KM is a Quasi-
ideal of M.

Theorema3: Let ¥ be a near-algebra. Then a sub near-algebra A of ¥ is a Quasi-ideal of ¥ if
and only if MYNYM c M .

Proof: Let Y and feM . We have aff =a(0+ )—«a0. Since ¥ is zero-symmetric
hence YM <Y *M . By this property, we have MY NYM Y *M = MY NYM .

From the above theorem, we can see that MY NYM Y *M =MY YM <M

Theorem4: If f:Y —Y' isanear-algebra homomorphism, then the kernel f is a quasi-ideal
of ¥.

Prof: Let f:Y —Y' be near-algebra homomorphism. Then Kerf ={xeY / f(x) =0},0'is the
additive identity in Y'.We know that kernel f is a linear subspace of ¥. Thus, from theorem3
we have KY (NYK Y *K < KY NYK < K this implies that KY (NYKY *K < K .Therefore,
K isaquasi -ideal of ¥.

Notation: Let Y, andY, be two near-algebras over a field X . And let Q,and Q, be two quasi-
ideals of Y, and Y, respectively. Then

i QxQ, ={(x, ¥)) /% €Q,, ¥, €Q,}
ii. (Ql XQZ)(Yl XYz) :{(Xp yl)(X1 y) /(Xv yl) < Ql XQZ’ (X’ y) EYl XYz}
Where (x,, y,)(X y) = (%X, 1Y)
() xY) ™ (Qx Q) ={0x WX, ) + (%, Y1) = () I ) /(X ), (X, ') €Yy <Yy, (%, ) € Q x Q)

Theoremb: Let Y, andY, be two near-algebras over a field X . And let Q,and Q, be two quasi-
ideals of Y, and Y, respectively. Then the direct product Q, xQ, ={(x,,y,)/ %, €Q,, ¥, €Q,}
is a quasi-ideal of Y, xY,. WhereY, xY, is a near-algebra over a field X .

Proof: Let Y,andY, be two near algebras. We know that Y, xY, is a near-algebra over a
field X . Itis clear that Q, xQ, is a non-empty subset of Y, xY,. Now

i. Let (X11y1)’(xz1y2)€Q1XQzand A, eX then
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ﬂi(xm Y1)+ﬂ2(xz’ yz) = (21X1’A1y1) +(22X2122y2)
= (X + X, Yy + Ay Y,) €@ * Qe
Hence Q, xQ,is a linear sub space of the near-algebra of Y, xY,.

Let (x,y,) €Q,xQ, and(X,y) €Y, xY, then

(QxQ)(YyxY,) ={(x, )X, ¥)/ X, €Q,, Y, €Q;, XY, yeY, }
={(x% ¥,Y) I xxeQ, Y,y eQ,} = Q xQ,

(Y xY,)(@QxQ,) ={(X, V)X, V1) I X, €Q., ¥, €Q,, X €Y, y €Y, }
={(xx, YY)/ xx, €Q,, ¥y, € Q,} = Q, xQ,

(Yo xY5)*(Q xQ,) ={(% Y)((X', y') + (%, 1)) — (X, Y)(X', y) (X, ), (X', ¥') €Y, x Y5, (%, V1) € Q xQ,}

={(X, Y)(X+X, y+y) = (XX, yy' ) X, X'€Y, ¥, Y'eY,, % €Q, ¥, €Q,}

={(x(X+x,), Y(Y'+Y)) = (XX, yy' ) X, X' €Y, ¥, Y'eY,, % €Qy, €Q}
={(XX+X%, YY+YY;) = (XX, Yy ) X, X €Yy, Y, V'eY,, x €Qy, €Q}
={(XX+X% = XX, yy+yy, = YY) X X €Y, Y, Y'eY,, X €Qy, €Q,}
={(xx, YY) I X, X'eY, Y, y'eY,, x €Qy, €Q,} cQ xQ,

Therefore (Q, xQ,)(Y, xY,) (1 (Y, xY,)(Q x Q)N (Y, xY,)* (Q xQ,)c Q xQ,
Hence Q, xQ, is a quasi-ideal ofY, xY,.

BI-IDEALS OF NEAR ALGEBRA

In this section, we introduce the concept of Bi-ideal of a near-algebra. Also obtain

some results with this notion.

Definition: A sub set Dof a near algebra ¥ is a bi-ideal if

D is a linear subspace of ¥.
DYDN(DY)*D < D

Example: Let X ={0,1}%,s, is afield. Let Y ={0,a,b,c}be a set with two binary operations

+ and - defined as

+|0|a|b|c Ola|b|c
0|0|a|b|c O|0|0j0O|O
ala|0|c|b a|0|b|0|b
b|lblc|0|a b|o|l0[0]|0
cle|lb|lal|0 c|0|b|0O|b

Scalar multiplication on ¥ is defined by 0.x=0,1.x = x for each x €Y . Then the routine
calculations show that ¥ is a near algebra over the field X. Let D ={0,a}c Y ={0,a,b,c}.
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It is clear that Dis a linear sub space of ¥.

DY ={0,b},DYD = {0},DY =D = {b(0+a) —b0/b,0 € DY,a € D} = {0}.
DYD n (DY) =D = {0} = D. This implies thatD is a bi-ideal of ¥. Also
DYn¥DnY =D ={0.b}Z D which says that D is not a quasi-ideal.

Theorem6: The intersection of bi-ideals of a near-algebra Yover a field X forms a bi-ideal of
Y.

Proof: Let {D,},_, be the set of all bi-ideals of a near algebra ¥ over a field x. Let
D=MN,,D,.Then DYDN(DY)*D < D,YD,N(D,Y)*D, < D,Vi e | . Therefore
DYDN(DY)*D < D. Hence D is a bi-ideal of ¥.

Theorem7: Let ¥ be a near-algebra over a field X,Dbe a bi-ideal of ¥and M be a sub near-
algebra of ¥. Then DM is a bi-ideal of M.

Proof: Since D is a bi-ideal of near- algebra ¥, then DYDN(DY)*D< D.Let H=DNM .
Then HMH N(HM)*H =(DNM)M(DNM)N(DNM)M)*(DNM)
c DMDNM N(DM)*D < D(1M =H . Hence H is a bi-ideal of M.

Theorem8: Let ¥ be a near-algebra over a field X.A sub space D ofYis a bi-ideal if and only
if DYDcD.

Proof: For a subspace D of ¥ if DYD < D then DYDN (DY )*D < D. Which shows that D
is a bi-ideal of ¥. Conversely supposeD is a bi-ideal of ¥thenDYD(DY)*D < D. Since
¥is zero-symmetric YD <Y *D then DYD = DYD(\ DYD < DYD(DY)*D < D. Hence
DYDcD.

Theorem9: Let ¥ be a near-algebra. If D is a bi-ideal of ¥then Daand a'D are bi-ideals of
¥where a,a'eY and a'is distributive element in ¥.

Proof: Clearly Da s a linear sub-space of ¥ and DaYDa < DYDa < Da . This implies that
Da is a bi-ideal of ¥. Alsoa'Dis a linear space of ¥, a' is distributive in ¥and
a'DYa'Dca'DYDca'D. Thusa'Dis a bi-ideal of ¥.

Corollary: If D is a bi-ideal of a near-algebra ¥and a is a distributive element in ¥, then aDb
is a bi-ideal of ¥where beY .

Theorem10: kernel of near-algebra homomorphism from ¥ te ¥'is a bi-ideal of ¥.
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