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ABSTRACT 

The purpose of this paper is to study the notion of a quasi-ideal and bi-ideal of a near-

algebra. It also shown that the kernel of a near-algebra homomorphism is also quasi-ideal. 
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INTRODUCTION 

O. Steinfield [9] had introduced the notion of quasi-ideal in ring theory and that has proved 

very useful. I. Yakabe [11]had introduced the notion of quasi-ideals in near-rings. Lajos and 

Szasz [4] had introduced the concept of quasi-ideals in associate near-rings. Good and 

Hughes [2] had introduced the concept of bi-ideals for semi groups. T. Tamizhchelvam and 

N. Ganesan [5] had introduced the concept of bi-ideals in near-ring. A near-algebra is a near 

ring which admits a field as a right operator domain. H. Brown [1], T. Srinivas [8], Irish [3], 

Narasimha Swamy [11] have studied certain properties of near-algebra. In 1933, P. Jordan 

proposed a quantum mechanical formalism in which in the operators form only a near 

algebra. In this regard, not only as an axiomatic purpose, the investigation of near-algebras 

has been found interesting for physical reasons also. In this paper, we introduce the concept 

of quasi-ideal and bi-ideal in a near-algebras and applied this notion of quasi-ideal to the 

kernel of homomorphism of near-algebras.  
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PRELIMINARIES 

Definition: A right near-algebra  over a field  is a linear space  over  on which 

multiplication is defined such that 

i. Y forms a semi-group under multiplication. 

ii. Multiplication is right distributive over addition, that is bcaccba  )( for every 

a,b,cY and 

iii. baab )()(    for every Yba , and X . 

 

Definition: A left near algebra  over a field  is a linear space over on which 

multiplication is defined such that 

i.  forms a semi-group under multiplication. 

ii. Multiplication is left distributive over addition that is acabcba  )(  for every 

Ycba ,, . 

iii. )()( baab   for every Yba , and X . 

Everywhere in this paper near-algebra  Y means right near-algebra  

Definition: A subset M of a near-algebra  over a field  i s said to be a sub near-algebra of 

Y, if it satisfies the following conditions.  
i. M is a linear subspace of . 

ii. (M, 
.
)  is a semi group. 

Definition: Let I be a non-empty subset of near algebra  over a field . I is said to be an 

ideal of near-algebra if 

i. I is a linear subspace of the linear space Y.  

ii. Iia for every IiYa  ,  and, 

iii. Ibaiab  )( for every IiYba  ,, .  

Definition: Let Y and 'Y  be two near-algebras over a field . A mapping ': YYf   is called 

a near-algebra homomorphism if 

i. )()()( yfxfyxf  . 

ii. XYandyxyfxfxyf  ,)()()( . 

iii. )()( xfxf   . 

Definition:LetY  and 'Y  be two near-algebras over afield X. Let ': YYf   be a near - algebra 

homomorphism. Then the kernel of f  is denoted by kernel f and is 

defined '0},'0)(/{  xfYxKerf is the additive identity in 'Y . 

Definition: Let  be a near-algebra over a field . Then the set }00/{0  aYaY is called 

the zero-symmetric part of , }0/{ aaYaYc  is called the constant part of Y.Y is called 

zero-symmetric near-algebra if 0YY  ,Y is called constant near-algebra if cYY  . 
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Definition: An element a  is called distributive element if Ycbacabcba  ,,)( . 

Definition: Let  be a near-algebra. Given two sub sets  and  of . We define an 

operation * on them as },',/')'({* DbKaaDaabaaDK  . 

QUASI-IDEAL OF A NEAR-ALGEBRA 

In this section, we introduce the concept of quasi-ideals for near-algebra and study its 

elementary properties. 

Definition: A non-empty sub set of a near algebra is Quasi-ideal of  if  

i.  is a linear sub space of near-algebra . 

ii. KKYYKKY  *  

Example: Let 
22

{0,1}X  is a field. Let },,,0{ cbaY  be a set with two binary operations 

+ and 
.
 defined as 

+ 0    
0 0    

  0   

   0  

    0 
 

. 0    
0 0    

     

   0  

     
 

 

Scalar multiplication on  is defined by xxx  .1,0.0 for each Xx . Then is a near 

algebra over the field  . Let YbK  },0{ . Then it is clear that K is a linear sub space of Y  

and KY }0{ , YK }0{ , KY * .  There fore KKYYKKY  }0{* . Hence K  is a 

quasi-ideal of  . 

 

Theorem1:  Arbitrary intersection of quasi-ideals is a quasi-ideal. 

Proof: Let IiiK }{ be a set of quasi-ideals of near algebra  over a field .  Then it is clear 

that ,iIi K is a linear sub space of Y. Further for every , we have  

)(*)()( iIiiIiiIi KYKYYKA   jjjj KKYYKYK  *   hence iIi KA   . 

Thus iIi K is a quasi-ideal of Y. 

Theorem2: The intersection of a quasi-ideal  and a subnear algebra of a near algebra  is 

a quasi-ideal of . 

Proof: Let  be a near-algebra over a field .  Let K be a quasi-ideal of , and  be a sub 

near-algebra of . Since  is a quasi-ideal of , it is a linear sub space of . Let 
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MKba , and X , then Kba , and Mba , . This implies that 

Kaabba  ,, , )()( abba   for all Kba , , X also Maabba  ,,  and 

)()( abba   Mba  , , X . Thus we get MKaabba  ,, , )()( abba    for 

every MKba , , X .  Hence MK   is a sub near-algebra of M.  More over  

)(*)()( MKMMKMMMK  )()( MKMMMK  MMM  and

)(*)()( MKMMKMMMK   KKYYKKY * .  Hence MK  is a Quasi-

ideal of M.  

Theorem3: Let  be a near-algebra. Then a sub near-algebra  of  is a Quasi-ideal of  if 

and only if MYMMY  . 

Proof:  Let Y  and M . We have 0)0(   . Since  is zero-symmetric 

hence MYYM * . By this property, we have YMMYMYYMMY  * . 

From the above theorem, we can see that  MYMMYMYYMMY   *  

Theorem4:  If ': YYf   is a near-algebra homomorphism, then the kernel f is a quasi-ideal 

of .  

Prof:  Let ': YYf   be near-algebra homomorphism. Then '0},'0)(/{  xfYxKerf is the 

additive identity in 'Y .We know that kernel f is a linear subspace of . Thus, from theorem3 

we have KYKKYKYYKKY   *  this implies that KKYYKKY * .Therefore, 

 is a quasi -ideal of . 

Notation: Let 
1Y and

2Y be two near-algebras over a field X . And let 
1Q and 

2Q be two quasi-

ideals of 
1Y and 

2Y  respectively.  Then 

i. },/),{( 21111121 QyQxyxQQ   

ii. }),(,),/(),)(,{())(( 212111112121 YYyxQQyxyxyxYYQQ   
Where ),(),)(,( 1111 yyxxyxyx   

iii. }),(,)','(),,/()',')(,()),()',')((,{()(*)( 211121112121 QQyxYYyxyxyxyxyxyxyxQQYY 

 

Theorem5: Let 
1Y and

2Y be two near-algebras over a field X . And let 
1Q and 

2Q be two quasi-

ideals of 
1Y and 

2Y  respectively. Then the direct product },/),{( 21111121 QyQxyxQQ   

is a quasi-ideal of 
21 YY  . Where

21 YY   is a near-algebra over a field X .  

Proof: Let 
1Y and

2Y  be two near algebras. We know that 
21 YY   is a near-algebra over a

 field X . It is clear that
21 QQ  is a non-empty subset of 

21 YY  . Now  

i. Let 212211 ),(),,( QQyxyx  and X21,  then 
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),(),(),(),( 22221111222111 yxyxyxyx    

 ),( 22112211 yyxx   21 QQ   

Hence 
21 QQ  is a linear sub space of the near-algebra of 

21 YY  . 

ii. Let 
2111 ),( QQyx   and 21),( YYyx   then 

},,,,/),)(,{())(( 212111112121 YyYxQyQxyxyxYYQQ     

   },/),{( 211111 QyyQxxyyxx  21 QQ   

},,,,/),)(,{())(( 212111112121 YyYxQyQxyxyxQQYY   

},/),{( 211111 QyyQxxyyxx  21 QQ   

}),(,)','(),,/()',')(,()),()',')((,{()(*)( 211121112121 QQyxYYyxyxyxyxyxyxyxQQYY 

 },,',,',/)','()',')(,{( 2111211 QyQxYyyYxxyyxxyyxxyx   

},',,',/)','())'(),'({( 21112111 QyQxYyyYxxyyxxyyyxxx   

},',,',/)','()','{( 21112111 QyQxYyyYxxyyxxyyyyxxxx   

},',,',/)'',''{( 21112111 QyQxYyyYxxyyyyyyxxxxxx   

},',,',/),{( 21112111 QyQxYyyYxxyyxx  21 QQ   

Therefore (
21 QQ  )(

21 YY  )  (
21 YY  )(

21 QQ  ) (
21 YY  )  (

21 QQ  ) 21 QQ   

Hence
21 QQ  is a quasi-ideal of

21 YY  . 

 

BI-IDEALS OF NEAR ALGEBRA 

In this section, we introduce the concept of Bi-ideal of a near-algebra. Also obtain 

some results with this notion. 

Definition: A sub set of a near algebra  is a bi-ideal if  

i. is a linear subspace of .  

ii. DDDYDYD *)(  

Example: Let 
22

{0,1}X  is a field. Let },,,0{ cbaY  be a set with two binary operations 

+ and  
.
 defined as 

+ 0    
0 0    

  0   

   0  

    0 
 

. 0    
0 0    

     

   0  

     
 

 

Scalar multiplication on  is defined by xxx  .1,0.0 for each Yx . Then the routine 

calculations show that  is a near algebra over the field X. Let },,,0{},0{ cbaYaD  . 
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It is clear that is a linear sub space of  .  

.  

. This implies that  is a bi-ideal of  . Also 

 which says that  is not a quasi-ideal. 

Theorem6: The intersection of bi-ideals of a near-algebra over a field  forms a bi-ideal of 

. 

Proof: Let IiiD }{ be the set of all bi-ideals of a near algebra  over a field . Let 

iIi DD   . Then IiDDYDYDDDDYDYD iiiii  *)(*)(  . Therefore 

DDDYDYD )( . Hence D is a bi-ideal of . 

Theorem7: Let  be a near-algebra over a field , be a bi-ideal of and  be a sub near-

algebra of . Then MD is a bi-ideal of . 

Proof: Since  is a bi-ideal of near- algebra , then DDDYDYD *)( . Let MDH  . 

Then HHMHMH *)( )(*))(()()( MDMMDMDMMD   

DDMMDMD *)( HMD   . Hence H is a bi-ideal of M. 

Theorem8: Let  be a near-algebra over a field .A sub space D of is a bi-ideal if and only 

if DDYD . 

Proof: For a subspace  of  if DDYD  then DDDYDYD *)( . Which shows that  

is a bi-ideal of . Conversely suppose  is a bi-ideal of then DDDYDYD *)( . Since 

is zero-symmetric DYYD *  then .*)( DDDYDYDDYDDYDDYD   Hence 

DDYD . 

Theorem9: Let  be a near-algebra. If  is a bi-ideal of then Da and Da' are bi-ideals of 

where Yaa ', and 'a is distributive element in . 

Proof: Clearly Da is a linear sub-space of  and DaDYDaDaYDa  . This implies that 

Da  is a bi-ideal of . Also Da' is a linear space of , 'a  is distributive in and 

DaDYDaDDYaa ''''  . Thus Da' is a bi-ideal of . 

Corollary: If  is a bi-ideal of a near-algebra and a is a distributive element in , then aDb  

is a bi-ideal of where Yb . 

Theorem10: kernel of near-algebra homomorphism from is a bi-ideal of .  
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